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Most of the advanced nonlinear control algorithms require a model of the system 
to be controlled. Unfortunately, most of the processes in the chemical industry are 
nonlinear, and fundamental models describing them are lacking. Thus there is a 
need for  the identification and control of nonlinear systems through available input- 
output data. In this article, we brief& introduce the input-output model used (pol- 
ynomial ARMA models), and analyze its stability and invertibility. This paves the 
way to the development of a nonlinear-model-predictive controller. Implementation 
issues such as modeling of disturbance, state and parameter estimation are discussed. 
The theory presented is illustrated through examples. 

Introduction 
Most of the processes in the chemical industry are nonlinear 

in nature, yet not many of these processes are adequately 
described by models derived from first principles. Thus, it 
becomes imperative to model them from available input-output 
data. The overall goal of this article is to establish a meth- 
odology that provides the user with theory and practical pro- 
cedures for the control of nonlinear processes based on models 
identified from input-output data. 

The first step toward a nonlinear control scheme is to obtain 
an estimate of the nonlinear system’s dynamics. This is achieved 
by identifying the system’s input-output map with a nonlinear 
model structure. The particular structure selected in this work 
is the polynomial ARMA structure which is presented in the 
next section. The discussion places emphasis on the analysis 
of the polynomial ARMA models instead of the identification 
procedure involved. The main contributions of this article are 

point of view. Instead of requiring the plant’s output to match 
a particular desired value at the next sampling instant, a more 
relaxed performance is specified. This gives rise to extended 
horizon controllers and to the more general model-predictive 
control family of controllers. In addition, controller imple- 
mentation is detailed including discussions on disturbance es- 
timation, model predictions into the future, state estimation, 
and parameter estimation. It also presents illustrative examples 
of the above-mentioned theory. 

Most of the material discussed in this article is presented 
from a single-input-single-output (SISO) point of view for 
simplicity in exposition rather than limitations in the theory. 
We will inject comments throughout the article to address the 
generalizations of the presented results to the multivariable 
case. 

the use of the identified polynomial ARMA models obtained 
for nonlinear control DurDoses. It shows how to construct the 

Nonlinear Model Structure 

nonlinear inverse of the polynomial ARMA models and uses 
this inverse within a control strategy. The limitations of the 
inverse model approach are observed, and connections are 
established with the feedback linearization of discrete-time 
systems. 

understood, the control scheme is improved by relaxing the 

sign is obtained by relaxing the inverse from a Performance 

In the case of discrete time linear systems, the general re- 
lationship between the input and output of a SISo system can 
be modeled as: 

y(k) =* u(k) (1) Once the limitations of the inverse model approach are B ( q )  

inverse of the polynomial ARMA models. The controller de- where A ( .) and B ( .) are polynomial functions of the shift 
operator, q; u (k) and y (k) are the input and output sign&, 
respectively. Unfortunately, a similar model structure covering 
any general nonlinear system would have to be more of an 
abstract idea than a practical tool. It is for this reason that Correspondence concerning this article should be addressed to Y. Arkun. 
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there are numerous model structures proposed for the iden- 
tification of nonlinear systems. Among these we can mention 
Volterra series models, block-oriented models such as the 
Hammerstein and Wiener models, bilinear models, state affine 
models, neural networks, and so on. For a recent review on 
nonlinear model structures, see Haber and Unbehauen (1990). 
The model selected for this study has a polynomial ARMA 
structure as discussed, for example, in Korenberg et al. (1988). 

Assume that u ( k - ~ )  is the first input to have an effect on 
the current output, y ( k ) .  Then, we could use a polynomial 
model to express y ( k )  as a function of previous outputs, and 
inputs prior to and including time k - e: 

n.. 

n ,  n.. i 

or simply 

where n is the order of the polynomial in Eq. 2. If the system 
to be modeled is of a multivariable nature, then Eq. 2 can be 
extended in a straightforward fashion by including on the 
righthand side the appropriate monomials in the additional 
input and output signals. 

This type of model has been used by several authors for the 
modeling of simulated and actual nonlinear systems (for ex- 
ample, Korenberg et al., 1988). The structure has also been 
justified from a theoretical point of view by using the Stone- 
Weierstrass theorem. In particular, Diaz and Desrochers (1988) 
have formulated the following result: “Every input-output 
map in which the (discrete) output is a continuous function of 
the (discrete, bounded) input can be approximated arbitrarily 
well, over a finite period of time, by a system satisfying a 
regression-type polynomial Eq. 3, except in the neighborhood 
of a finite number of points.” 

In essence the theorem of Diaz and Desrochers states that 
with reasonable assumptions on the inputs and the time of 
validity of the approximation, any discrete input-output map 
can be approximated with a polynomial ARMA model that 
has the structure of Eq. 3. 

Theoretical justifications similar to the the one given above 
are available for many other types of nonlinear model struc- 
tures. For example, in the case of neutral networks, results by 
Cybenko (1989) assert that any continuous function restricted 
to a bounded space can be approximated with a neural network 
model if sigmoids are used for the activation function. Fur- 
thermore, there are numerous results available for both the 
continuous and discrete Volterra series (for example, Boyd and 
Chua, 1985). Thus, although theoretical justifications are im- 
portant, they should not be the only consideration when se- 
lecting a particular model structure. For this reason, it is 

necessary to justify the use of polynomial models from a more 
practical point of view. 

The main advantage of polynomial models is that their one- 
step-ahead prediction can be formulated as a linear regression. 
This greatly simplifies the estimation of the parameters from 
input-output data. To see this, define the following regressors: 

VI ( k )  = y  (k-  1) 

V 2 ( k )  = y ( k - 2 )  

Then, define the signal vector: 

and the parameter vector: 

gT= [eo el, I el. . . . e2, . . .I 

Then the model in Eq. 3 can be written as: 

(4) 

which is a linear regression. Other models, such as neural 
networks, cannot be casted in the same way and thus nonlinear 
optimizations have to be performed to identify the parameters. 

Moreover, polynomial models are superior to Volterra series 
models in the sense that the number of parameters needed to 
approximate a system is generally much less with polynomial 
models. This is due to the fact that the model in Eq. 3 includes 
previous outputs as well as previous inputs, while Volterra 
models only include previous inputs. Futhermore, although 
the Hammerstein structure is amenable to controller design 
and handling process noise, we will use polynomials for the 
added generality in modeling systems. For example, a Ham- 
merstein model is incapable of modeling systems that exhibit 
output multiplicities as displayed by various chemical systems. 

The added generality offered by polynomial models is not 
without a price since the number of possible terms (and thus 
parameters) in Eq. 3 is much larger than those in other simpler 
models such as the Hammerstein. This disadvantage, however, 
can be overcome by using statistical-model-building algorithms 
to select the important terms in the model. The backbone of 
such an algorithm is composed of the following steps (for a 
more detailed algorithm and its implementation on chemical 
engineering examples, see Kortmann and Unbehauen, 1988; 
Hernhdez, 1992): 

1. Evaluate all the possible ~ ( k )  of Eq. 4 to be included 
in the model. 

2. Select the term that is most correlated with the output. 
3. Check if the model has improved. If not, then go to step 

6. 
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4. Check if any of the terms included so far in the model 
should be deleted. Delete any such term. 

5 .  Select the term of those remaining that can best "explain" 
the unaccounted structure remaining in the residuals. Go to 
step 3. 

6. End. 
A shortcoming commonly associated with polynomial models 

is their tendency toward exhibiting unbounded behavior. Var- 
ious researchers have cited this disadvantage as the reasoning 
for their choice of other model structures such as neural net- 
works or radial basis function models (Chen et al., 1990, 1991; 
Pottmann and Seborg, 1991). Both of these model structures 
generally guarantee boundedness of the outputs by their use 
of sigmoid and Gaussian functions. Because these models 
maintain their output predictions bounded, they are credited 
with better performance. Unfortunately, however, these other 
models are, in general, highly nonlinear in the parameters to 
be identified, and thus the parameter identification problem 
becomes quite a challenge. 

The nonlinear parameter estimation problem can be avoided 
while guaranteeing bounded behavior by using polynomial 
models with simple modifications. In particular, consider the 
model constructed from the composition of an invertible, 
bounded nonlinear function and a polynomial function of 
previous inputs and outputs: 

y(k+l )=u(p ,  f.Y(k), * * * y ( k - n y ) ,  

u ( k - ~ +  I ) ,  . . . ~ ( k - n , ) ] ]  (6) 

where, for example, u(x) can be given by: 

(7) 
1 

1 + exp( - x)  
u(x) = 

which is the sigmoid function commonly used in neural net- 
work models. This sigmoid function is continuous, invertible 
and bounded between 0 and 1. 

The identification problem can still be posed as one linear 
in the parameters by applying the inverse of the sigmoid op- 
erator to both sides of Eq. 6: 

And so the problem of modeling y"(k) as a polynomial function 
of previous inputs and outputs is again formulated as a linear 
regression. This time assume that the residual between y"(k) 

and p, (.) is a zero mean, Gaussian process. The results and 
discussions to be presented in the rest of the article are ap- 
plicable to both polynomial models and models of the type 
shown in Eq. 6, but will be presented for polynomial models 
for the sake of simplicity. 

Other important issues of identification of polynomial 
models are discussed elsewhere (Herndndez, 1992). The goals 
of this article are directed toward the control of nonlinear 
systems using polynomial models. Thus, in the sequel we will 
assume that the polynomial models are already identified. 

State space realization 
To satisfy the model analysis objectives, it is necessary to 

construct a state space realization of the input-output model 
in Eq. 3. This can be done by using the delay coordinate 
method. For this let: 

x ; ( k )  =y(k) x ! ( k )  = u ( k -  1) 

or, in the multivariable case, let: 

where p and q are the number of outputs and inputs, respec- 
tively. Using the above definition, the state of the system could 
be constructed in a direct fashion as: 

(9) 

1 0  
0 .  
1 

Note that we have clearly divided the state of the system into 
two components: the output, xu, and the input, gb, substates. 
We call the dynamics of xu the "output subsystem." Similarly, 
the dynamics of gb are denoted as the "input subsystem." 
Given the definition of the state variables in Eq. 9, we can 
write the realization of Eq. 3 as (only the SISO realization is 
given): 

. .  
O ! I  1 0  

0 
u ( k )  
0 

0 
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01 

Note that in Eq. 10 we have implicitly defined the state tran- 
sition map, F(g,  u) and the output map h ( 8 .  Also observe 
that in defining the above system we have stretched the notation 
and allowed for: 

proof. This theorem immediately follows from the fact 
that according to Eq. 11, the eigenvdues of J are: 0 (with 
multiplicity nu) and the eigenvalues of Jy, given by the deriv- 
ative of f(k+ 1) with respect to ~ " ( k ) .  Similar stability con- 
ditions could be derived for multivariable systems once the 

0 state equations are properly constructed. 

lnvertibility and Connections to Feedback 
.nu)] =Pn[x(k) ,  u(k) l  Linearization 

Using this state-space representation of the input-output model, 
we are able to investigate control-oriented properties of the 
model and consequently various nonlinear control algorithms. 
For example, one of the most basic, yet important, properties 
is the stability of the equilibria. Conditions for the global 
stability of the equilibrium point of a general polynomial model 
are not available. Nevertheless, conditions for local stability 
can be easily found, computed, and do  yield valuable insight. 

Apoint @*, u*)isanequilibriumpointofEq. lOifg'=F(x*, 
(u*). An equilibrium point is called an attractor of Eq. 10 if 
the derivative of xJk + 1) with respect to xJk) evaluated at the 
point @', u*)  has eigenvalues inside the unit circle (Devaney, 
1989). If an equilibrium point is an attractor, then there is a 
neighborhood of @*, u*)  in which all points tend to @*, u') 
under the forward iteration of the system of Eq. 10 (Devaney, 
1989). It can also be shown that if an equilibrium point is an 
attractor, then it is also stable in the sense of Lyapunov (Kal- 
man and Bertram, 1960). From this, it is clear that the local 
stability of the system about the equilibrium point @*, u*)  is 
determined by the eigenvalues of J ,  the Jacobian of xJk+ 1) 
with respect to ~ ( k ) .  That is: 

a n y  a n Y + l  PI  Pn, -1  Pn. 

0 0  . .  ... 0 1  

We now consider the question of invertibility of a nonlinear 
dynamical system described by Eq. 10. That is, when can we 
find an input so that when applied to the system, it produces 
a particular desired output? This question has clear importance 
in control since if the answer was positive, then the control 
problem is solved. An input with this property, however, can 
rarely be found due to lack of perfect knowledge of the system 
or certain inherent system limitations. Nevertheless, it is a good 
starting point for the discussion on the design of control 
schemes. 

As mentioned above, the problem of invertibility is to find 
an input signal, u ( k ) ,  so that the earliest affected output, 
y ( k  + e) for some Q > 0, remains at a desired value, r* ( k )  , for 
all k =  1, 2, . . . . Note that this is the best achievable per- 
formance. Interestingly, the calculations of the inverse con- 
troller are equivalent to those of the input-output linearization 
of discrete systems. To parallel these results, we adopt the 
notation of Monaco and Normand-Cyrot (1988). The deri- 
vation here presented is solely for SISO systems, the derivation 
for MIMO systems follows the same ideas, but it is slightly 
more complex. We will denote by ' o ' the usual composition 
of functions, and let: 

. .  . .  where, recall that h(xJ and F(5,  u) have been defined in Eq. 
10. The inverse controller is thus given implicitly by: (1 1) 0 ... 0 0 0 ... ... 0 0  0 I J =  

H,&, u ( k ) l =  Y ( k  + e)  = r* (14) 0 ... 0 1  

1 0  The Implicit Function Theorem guarantees that Eq. 14 can be 
solved for u ( k )  locally if: 

where 

Let the solution of Eq. 14 be given by: 

The discussion provided above leads to the following result: 
An equilibrium point @*, u*)  of the dynam- 

ical system of Eq. 10 is locally stable in the sense of Lyapunov 
if the eigenvalues of J y  are contained inside the unit circle, 
where Jy is given by: 

u ( k )  = x f ( k +  l)=g[x(k), r*] (16) 

To facilitate the connections between the inverse controller 
and the feedback linearization of discrete systems, it is useful 
to define the following coordinate transformation: 

Theorem 2. I .  
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u?(k)=H,- ,  [ ~ ( k ) ,  u ( k ) l = y ( k + e - i ) ;  i = l ,  . . . , ny 
vp(k)  =xp ( k ) ;  i = l ,  . . . , nu (17) 

Using the feedback law of Eq. 16 and the coordinate trans- 
formation defined in Eq. 17, the dynamical system of Eq. 10 
is transformed to the following closed-loop system: 

0 ... 0 0 0 ... 0 0  
0 0 * * *  0 1 

1 0 0 * * *  0 
0 . . *  0 0 0 - * *  0 0 
0 ... 0 1  0 

. .  . .  . . .  

. .  
i, ... 0 1 0  

Some similarities between the inverse problem and input-out- 
put linearization are apparent from Eq. 18. Note that the 
dynamics between the reference input, r* ,  and the output y (  k)  
are linear; in fact they are given by: y ( z )  = z - Q r * ( z ) ,  z being 
the 2 transform variable. From this we can deduce that the 
inverse problem is a special case of the input-output lineari- 
zation of nonlinear discrete systems. Note that in input-output 
linearization, the output at time k +  Q is not necessarily set to 
r* but to: 

where _c” is a vector selected by the designer: 

J‘ = 

where 

We can thus state the following theorem. 

An equilibrium point (g*, u* )  of the dynam- 
ical system of Eq. 18 is locally stable in the sense of Lyapunov 
if the eigenvalues of J,(the Jacobian of the “input subsystem”) 
are contained inside the unit circle, where, Ju is given by: 

Theorem 3.1. 

which yields the following closed-loop transfer function: 

- - 0  

Thus the location of the poles of the “output subsystem” are 
given by the selected value of _c“. In the case of the inverse 
controller, all the poles of the “output subsystem” are located 
at zero. 

Further similarities between the two problems are revealed 
if we study the stability of the closed loop system. From earlier 
discussions we can derive stability conditions of the closed- 
loop system in Eq. 18. Again, the local stability of this (closed- 
loop) system is determined by the eigenvalues of the Jacobian 
of d k +  1) with respect to ~ ( k ) .  In order to calculate this Ja- 
cobian we would either have to obtain gb(k) ,  r*] analytically 
or differentiate equation (Eq. 14) implicitly. The latter choice 
is usually selected for its simplicity, since there may be not be 
an analytical solution of g&(k),  r*] .  The Jacobian of this 
system becomes: 

Proof. This theorem immediately follows from the fact 
that according to Eq. 20, the eigenvalues of J‘ are: 0 (with 

’ multiplicity ny + 1) and the eigenvalues of Ju, given by the 
0 

Observe that the local stability of the system depends on the 
dynamics of the system remaining once the output is fixed to 
r*.  In the case where g” is set to zero, the dynamics remaining 
are equivalent to the “zero dynamics” of discrete systems. 
This follows from the intuitive idea of the “dynamics re- 
maining once the output is set to zero” as well as from the 
rigorous definition provided by Monaco and Normand-Cyrot 
(1988, Definition 2.4). This definition also states that the sys- 
tem of Eq. 10 is locally “minimum phase” if the zero dynamics 
are locally stable, or equivalently if the eigenvalues of Ju are 
inside the unit circle. Thus we confirm the familiar concept 
that the inverse controller stabilizes the closed-loop system if 
the open-loop system is minimum phase. 

It is important to point out that Definition 2.4 
of the Monaco and Normand-Cyrot article is based on the 
assumption that for any g in an open subset containing the 
equilibrium point, there exists an input u”@) such that the 

derivative of g ’ (k  + 1) with respect to ’(k).  

Remark. 
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output obtained e + 1 steps into the future is equal to r* = 0. 
This assumption, of course, is satisfied from the very con- 
struction of the inverse controller. If the inverse controller 
does not exist, then this entire discussion of zero dynamics 
becomes irrelevant. 

Note that the inverse controller obtained is of an output 
deadbeat nature, and thus it is likely not to be a very good 
controller from a practical viewpoint. Usually, deadbeat con- 
trollers yield input signals that are too large, and in some cases, 
as illustrated by the theory, the closed-loop system might be- 
come unstable. Nevertheless, the study of the inverse controller 
has given us insight on the performance limitations of certain 
systems. In particular, in the next section we will study other 
controller design methods that originate from the inverse con- 
troller, yet display better behavior. 

Controller Design Method 
In this section we will formulate the controller design method 

by “relaxing” the inverse controller from an optimal point of 
view. In this fashion we will obtain controllers that are more 
practical and applicable to a wider range of systems. We will 
assume nominal conditions in the design of the controllers 
presented here. This will isolate the basic ideas behind the 
controller design from other implementation issues such as 
filtering of measurement noise and so on. These will be ad- 
dressed in the later section. Torelax the inverse from an optimal 
point of view, it is advantageous to look at the inverse as the 
function which solves the following optimization problem: 

minb(k+  e) - r*I2 

That is, the difference between the output and the setpoint at 
the next sampling time is minimized by choosing the appro- 
priate input. Consider now a different optimization problem, 
one of minimizing the difference between the output and the 
setpoint at sometime into the future, say k + P. That is: 

The input in this case is selected so that u (k) = u ( k  + 1) = . . . 
= u ( k + P -  1)=(. 

In actual implementation of this algorithm, the input u ( k )  
is applied and the entire problem is solved once more at the 
next sampling time. This type of control algorithm gives an 
added flexibility. The tuning parameter in this case is P. If P 
equals Q, the algorithm reduces to the inverse controller. As 
P increases, the required performance is more relaxed, and so 
the algorithm produces better behaved input signals in general. 
Hernandez and Arkun (1992) have provided conditions for the 
local stability of the closed-loop system when this type of 
algorithm is used. The idea of the “P-Inverse or Extended 
Horizon controller” described above can be generalized to 
include a model predictive type of controller. In this case the 
objective function is modified to consider more than one out- 
put into the future and changes in the input as well: 

P M- I 

m i n x  y , w ( k + i )  - r*(k+i ) ] ’+  2 X,Au’(k+j) (24) 
Au , = I  j = O  

where yi and Xj  are weights on the outputs and inputs, re- 
spectively; y ( k +  0 are the output predictions as given by the 
input-output model, and Au(k+j)  is the change in the inputs 
at time k+ j. As usual, only the first input is implemented and 
the entire calculation is repeated at the next sampling time. 
The optimization problem formulated in Eq. 24 requires the 
solution of a nonlinear program. The simulations shown later 
are obtained by solving Eq. 24 using a Levenberg Marquadt 
algorithm. This is a gradient-based algorithm and thus pro- 
duces a local minima. In the particular case of SISO systems 
using M =  1, a grobal solution to Eq. 24 has been pointed out 
in Hernandez, 1992. 

Unfortunately, there are no general stability results when 
the control law resulting from Eq. 24 is used. Only special 
cases of the nonlinear model predictive control law have been 
studied. One such case is the “P-inverse” controller described 
above which is obtained by letting M =  1, X, =0, yi=O, for 
i=  1, ..., P- 1 and y p =  1.  

The controllers presented in this section have been derived 
from intuitive notions of relaxing the inverse. We have pur- 
posely avoided discussion of very important implementation 
issues so that the reasoning behind the different controller 
designs could be presented as clearly as possible. In the next 
section we will deal with such issues as: plant-model mismatch, 
disturbance estimation, and filtering of measurement noise. 

Controller Implementation 
The controllers presented so far have been derived under 

the assumption of ideal conditions: perfect model and no meas- 
urement noise. This section is dedicated to the study of issues 
arising in the implementation of the model-based controllers 
derived earlier. 

Model predictions into the future 
The control schemes presented in previous sections are model- 

based and thus require predictions into the future. The system 
of Eq. 10 will form the backbone of the predictions into the 
future. To this basic structure we will add the capability of 
estimating the effect of disturbances on future outputs. Ini- 
tially, we will assume linear disturbance models to compare 
and contrast the nonlinear MPC formulations with the linear 
ones in the literature. Afterwards, nonlinear disturbance pre- 
diction models are studied. For the linear disturbance models 
we will use “type 1” and “type 2” models which have been 
used in the linear MPC design (for example, Morari and Lee, 
1991; Ricker, 1991). 

The first type of the disturbance model to be considered is 
the so-called “type 1” disturbance where it is assumed that 
independent, random steps affect the plant output. This can 
be formulated by augmenting the state of Eq. 10 with a state 
variable, {, equal to a random step, that is: 

where *d= G = 1. Note that {is generated from integrating the 
white noise signal, a(k), and v(k) is the measurement white 
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noise. Furthermore, note that the state variable ~ ( k )  is assumed 
to be completely deterministic, free of any process noise. 

The classical estimation problem is to capture the effects of 
w(k) on future outputs while simultaneously filtering the meas- 
urement noise v(k). This can be accomplished by using an 
estimator as: 

1 [;;;;;;I = [ .. p c l k -  1)  
- {(klk- l)+L(k)W(k) - -P(k lk-  l)] 

p ( k  I k )  = h [ i (  k I k)] + p( k I k )  

where i ( k +  I lk) and &k+ 1 Ik) are the state and disturbance 
estimates at time k +  1 given plant knowledge up to time k; 
y’(k) is the plant output at time k. The estimator gain, L (k ) ,  
will be selected optimally in the next subsection. 

Future predictions of the output can be obtained by the 
forward iteration of Eq. 26 while using the standard assump- 
tion that the expected value of y’( k )  - j  (k I k - 1) into the future 
is zero. This type of disturbance description is able to capture 
any constant bias between the plant and the model. Therefore, 
if the combined effects of external disturbance and plant-model 
mismatch reach a constant value, the type 1 assumption along 
with a controller with integral action will yield offset free 
performance. 

There may be situations in which the combined effects of 
disturbances and plant-model mismatch do not behave as “type 
1.”  Instead, they can be described better as slow drifts or 
ramps. For these cases, we can obtain improved predictions 
and performance by assuming that the disturbance is given by 
a doubly integrated white noise process. This is the “type 2” 
disturbance assumption of Morari and Lee (1991) and Ricker 
(1991). To account for such a disturbance model, the state is 
augmented with two disturbance state variables as: 

effects of disturbance could also be nonlinear. A general rep- 
resentation of polynomial models with nonlinear dependence 
on disturbance can be given as: 

where now the output is a polynomial function of not only 
previous inputs and outputs but also previous disturbances. A 
state space representation of the model in Eq. 30 could be 
obtained by augmenting the state of the system of Eq. 10 with 
a vector containing the previous disturbances, much in the 
same way the inputs and the outputs are treated. This state 
space representation would contain an accurate description of 
the effects of the inputs and disturbances on future outputs. 

Models which include the effect of disturbances on future 
outputs can be obtained also from statistical modeling. An 
algorithm to construct such a model contains the following 
essential steps: 

1.  Construct a model with terms containing only previous 
inputs and previous outputs (such as Eq. 3). 

2. Approximate the disturbances at any given time as the 
difference between the true plant output and the output esti- 
mated from the model obtained in step 1.  

3. Now that an estimate of the disturbance is available, 
continue building the model obtained in step 1 by considering 
terms containing previous disturbances. 

Our experience with this type of approach is that the al- 
gorithm fails to add any terms containing previous disturbances 
in step 3 because they are deemed statistically unnecessary (as 
determined by various information criteria, such as the Akaike 
Information Criteria, AIC, and others). This is not to say that 
if a model such as Eq. 30 is available and reliable, we construct 
a state space nonlinear disturbance model with which to predict 
the effects of inputs and disturbances on the future outputs. 

However, an alternative and simpler approach to obtaining 
nonlinear disturbance models is to assume that the disturbance 
enters linearly at the first state variable in Eq. 10 (the prediction 
of the output one time into the future) so that: 

where 
which leads to the following model: 

Note that the transfer function between and w is given by: 

Thus the disturbance is modeled as a doubly integrated white 
noise. Other linear disturbance models can be easily obtained 
by modifying the matrices ‘@d and G. The estimator structure 
for this case is identical to Eq. 26. 

Nonlinear disturbance models are more difficult to obtain 
yet it is important to consider them since the input-output 
model is nonlinear and it is only logical to assume that the 

x ( k +  l )=f lx(k) ,  u(k)]+Gw(k) 

with G =  [l 0 . . . 01‘. This disturbance model has a seemingly 
unjustifiable simple structure. However, recall that the state 
of the plant is given as the deterministic output. That is, the 
output of the plant had there been no noise. The disturbance 
model in Eq. 32 is thus based on the assumption that if the 
plant were deterministic, then a polynomial model of the pre- 
vious (deterministic) inputs and outputs can approximate ar- 
bitrarily well any input-output map. This assumption was 
justified by Diaz and Desrochers (1988), as mentioned earlier. 
Here the approximation error is given by the process noise, 
~ ( k ) .  No process noise is assumed to enter any other variable 
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of the “output subsystem’’ because these other state variables 
are simply shifts in time of the first state variable. 

It is crucial to recognize that even though the disturbance 
enters linearly at the first state of Eq. 32, the input-output 
map will be nonlinear in the previous disturbances. To show 
this, consider the following example: 

Note that for the sake of clarity, measurement noise has 
been purposely avoided. If the dependency of the states is 
removed and the input-output map is calculated, we obtain: 

y ( k  + 1 )  = y (  k)y2(k- 1) + o(k) + u (  k )  (34) 

It is interesting to point out that even though the input-output 
map seems linear in the disturbance signal w( e ) ,  it is really not. 
To see this clearly, we can calculate the total derivative of 
y ( k  + 1) with respect to o(k - 1); if this relationship were linear, 
then the derivative would be a constant. However, note that: 

d y ( k +  1 )  a y ( k +  1)  ax(/?+ 1) &(k)  +a++ 1’1 
d w ( k -  l ) = =  [w do(k- 1) ao(k- 1) 

aY(k+1) (35) +- 
aw(k- I) 

which, from Eq. 33 is equal to: 

Thus, even though the disturbance enters linearly in the state, 
previous disturbances have a nonlinear effect on the outputs 
due to the nonlinear nature of the input-output map. Contrast 
the disturbance model in Eq. 32 with that in Eq. 25 or 27 
where the output is truly a linear function of all previous 
disturbances [to check, calculatey(k+ l)/do ( k - i )  for all I ] .  

Given the difficulties associated with nonlinear state esti- 
mation, we will limit ourselves to constructing estimators with 
linear correction terms. Following the approach used for the 
linear disturbance models, the estimator for the model in Eq. 
32 is given by: 

Z(k+ 1 Ik)=F@(kIk), u(k)] 

gk lk )=g (k l k -  l)+L(k) W(k)-j(klk-l)]  

y^(k I k )  = h [ g k  I k)] (37) 

where L (k )  W( k)  -j(kl k - l)] is the linear correction due to 
the plant-model mismatch. Note that the difference between 
the plant and the model is used to update the state of the 
system. If there is plant-model mismatch, the future predictions 
of the output using forward iterations of Eq. 37 would be 
biased and yield steady-state offset if used for model predictive 
control. This was also noted by Gangadhar and Zafiriou (1992). 
The classical solution for this type of problem is to augment 

the state with a disturbance state variable, whose dynamics are 
given by (for example, Morari and Stephanopoulos, 1980): 

flk + 1) = flk) + w(k)  (38) 

This new disturbance term is intended here to act as a bias so 
that the output of the plant and the model can match at steady 
state. Thus, adding the integrated disturbance to the output 
we obtain: 

(39) 

1 
y ( k )  =h[x(k)l+ !3k)  + v ( k )  

The estimator with linear correction terms for this type of 
formulation is thus given by: 

&k+ 1 I k )  

(40) 

1 -P(klk- l)] 

j ( k l k )  = h ( Z ( k l k ) )  + P ( k l k )  

This way we can obtain unbiased estimates of the outputs (for 
disturbances which reach a constant value at steady state), 
update the nonlinear state and capture nonlinear effects of the 
disturbances by using simple disturbance models derived from 
sound engineering assumptions. 

State estimation 
Our objective now is to select the estimator gains, L ( k ) ,  

appearing in Eqs. 26 and 40. As we shall see, the estimator 
gains for type 1 and 2 disturbance models can be determined 
optimally using a Kalman filtering technique. However, for 
the case of nonlinear disturbance models, the selection of L (k) 
is much more complicated and some simplifications will be 
made. 

As mentioned above, the first two disturbance models con- 
sidered have a linear effect on the outputs. Also note that the 
nonlinear part of the system is completely deterministic. It is 
not difficult to show (Hernhndez, 1992) that for such systems 
the optimal estimator gain can be obtained from the Kalman 
filter by considering only the stochastic linear part [the dy- 
namics of the disturbance vector, flk)]. If only the steady state 
Kalman Filter gain is ysed, then it can be computed from the 
following equations ( Astrom and Wittenmark, 1984): 

where P ,  is the solution to: 

RI  and R2 are the covariances of o and v, respectively; cpd and 
c d  are the transition matrix and the output matrix for the 
linear, stochastic part. 
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In the case of “Type 1” disturbances (Eq. 25), +d= 1, G =  1 
and c d =  1. Solving for P ,  in Eq. 42, we obtain: 

(43) 
R , + R l  41+4/r2 

P ,  = 

where r is the signal-to-noise ratio, m. Substituting this 
result into Eq. 17 we obtain the optimal steady-state estimator 
gain: 

which is equal to the result obtained by Morari and Lee (1991) 
and Ricker (1991). Also, as pointed out by those authors, the 
estimator gain L varies between zero and one as the signal-to- 
noise ratio, F, varies from zero to infinity. Thus, in practical 
applications, it results simpler to tune the filter by varying the 
gain, L, directly instead of through the signal-to-noise ratio. 

The optimal estimator gain for the “type 2” disturbance 
model assumption can also be calculated from Eqs. 41 and 42. 
This time, however, the transition and output matrices for the 
linear, stochastic system is given by: 

Since the state to be updated is two-dimensional, the filter gain 
is also two-dimensional. Similar (although much more tedious) 
calculations to the one above yield the optimal estimator gain 
as: 

which is the same result obtained by Ricker (1991). Again, as 
in the “type 1 disturbance model, it is simpler to tune the 
estimator by changing the gain I, directly instead of through 
the signal-to-noise ratio. This gain varies between zero and 
two as the signal-to-noise ratio varies between zero and infinity. 
Therefore, in practice, the user can pick I, between zero and 
two and calculate 1, from Eq. 46. 

The use of static Kalman filters allowed us to calculate the 
optimal static observer gains for disturbances of types 1 and 
2 (Eqs. 44 and 46, respectively). Unfortunately, the nonlinear 
estimation theory is not as practical as the linear one. While 
the optimal estimator for linear systems is linear, optimal es- 
timators for nonlinear systems do not have a particular struc- 
ture. Even if only the best linear estimator is desired (that is, 
calculating optimal gains for Eq. 40), its calculation may not 
be possible because the distribution of the state may have 
infinite number of moments. In short, optimal estimation of 
nonlinear systems is a topic of theoretical interest and not of 
much practical relevance. 

One solution to the above problem is to linearize the system 
at every sampling time and use the optimal filter for the re- 
sulting linear system. The filter constructed in this fashion is 
the so called Extended Kalman Filter (EKF). Even though its 
construction is not rigorous, it has proven to be successful in 

a number of practical applications (see Dimitratos et al., 1989). 
We will delay any more discussion on the subject of nonlinear 
estimation until the next section, where the problem of si- 
multaneous state and parameter estimation will be discussed. 

Parameter estimation 
Up to this point, we have assumed that the effect of external 

disturbances and plant-model mismatch are captured by the 
disturbance model descriptions. However, the plant-model 
mismatch encountered could be large in cases where the system 
has entered regions not observed before by the model. When 
this occurs, it is advantageous to recur to on-line parameter 
estimation algorithms for improved predictions. The problem 
of obtaining on-line parameter estimates can be seriously com- 
pounded if the measurements are corrupted by noise. For this 
reason it is important to filter the output in some fashion prior 
(or simultaneous to) the parameter update step. 

A logical first choice for simultaneous filtering and param- 
eter estimation is to use an EKF approach, where the state of 
the model in Eq. 10 is augmented by considering the unknown 
parameters to be state variables. For example, let the vector 
8 contain the model parameters, then we can formulate the 
following system by assuming that the parameters dynamics 
are driven by process noise: 

and use an EKF approach to estimate the state and the pa- 
rameters simultaneously. This type of approach has been used 
frequently in the process control literature (see de Valliere and 
Bonvin, 1990). 

However, as pointed out by Ljung (1979), the Extended 
Kalman Filter is not appropriate for the purpose of simulta- 
neous state and parameter estimation. The reason is that it 
may encounter stability problems since it does not take into 
account the effects of the parameter vector on the filter gains. 
Ljung improved the algorithm by directly incorporating this 
effect, and showed global convergence for the case of linear 
systems. One of the most important conclusions in Ljung’s 
article is that the modified EKF has equivalent asymptotic 
behavior to the case where the Kalman gain is parametrized 
and computed along with the model parameters using a re- 
cursive prediction error method (RPEM). That is, construct a 
parameter vector by augmenting the vector of model param- 
eters, 8, with the estimator gain parameters, L: 

Then, an RPEM is used to obtain the values of t9 as time 
progresses. This is a more practical approach since the filter 
gains are not artificially tuned through assumed noise prop- 
erties. The filter gains are instead estimated directly through 
the RPEM. Furthermore, the algorithm has been shown to 
have improved stability properties over the classical EKF ap- 
proach (Ljung, 1979). 

The equations for the RPEM will be constructed assuming 
that the system is modeled as in Eq. 37 as opposed to Eq. 40. 
Note that the difference between the two models is that Eq. 
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37 does not contain the additional bias used to capture the 
plant model mismatch. The reason for using the “bias-free” 
model is that when estimating the model parameters, the bias 
state (l) should be disregarded so that the parameters capture 
as much of the system’s behavior as possible. The appropriate 
structure of the RPEM for the system described in Eq. 37 is 
given by: 

Time Update 

$ k +  1 I k ) = F [ f ( k l k ) ,  u(k), g k ) ]  

Output Calculation 

j ( k +  1 Ik)=h[.f(k+ 1 lk)] 

Error Calculation 

t(k+ 1 Ik)=y’(k+ l)-y^(k+ 1 lk) 

Measurement Update 

i ( k +  1 Ik+ l ) = g ( k +  l l k ) + L ( k ) e ( k +  Ilk) 

Parameter Update 

J, ( k  + 1) Calculation 

(54) 

9 ( k  + 1)  Calculation 

where X(k) is the familiar “forgetting factor,” and P c ( k )  is 
inversely proportional to the covariance of the parameter vec- 
tor. The term 6 is a small and positive parameter selected to 
maintain Pc positive definite. The initial condition on $(O) is 
a matrix of zeros and PdO) is usually selected as a diagonal 
matrix. The tuning parameters for this algorithm are the initial 
values of Pc, the forgetting factor and the value of 6. 

The recursive prediction error method outlined above will 
be used both off-line and on-line for the estimation of the 
parameters. Once the structure of the polynomial ARMA model 
is selected, the data will be passed through the RPEM method 
several times until the parameters converge. This approach has 
been found to be competitive in comparison to other off-line 
parameter estimation algorithms (Ljung, 1987, Chapter 11). 
After the model is obtained, the RPEM is also used on-line 
to update the model parameters in the hope of capturing the 
variations in the plant. On both of these implementations, a 
variable forgetting factor is used instead of the fixed one shown 
above. The forgetting factor is updated as outlined in the 
algorithm by Fortesque et al. (1981). 

Note the fundamental difference between the two ap- 
proaches used to find the estimator gains. On the one hand, 
the classical extended Kalman filter approach calls for aug- 
menting the state of the model by adding the model parameters. 
On the other hand, the recursive prediction error method aug- 
ments the vector of model parameters by adding the estimator 
gains. We will use the second approach because of its improved 
stability properties and practical values. 

Examples 
The purpose of this section is to illustrate the theory pre- 

sented with simulations of a chemical system. The system to 
be studied is a first-order exothermic reaction carried in a 
continuous stirred tank reactor (CSTR). This system is par- 
ticularly challenging for our study because, depending on op- 
erating conditions, it exhibits unstable behavior. As noted by 
Sistu and Bequette (1991), if an unstable system is to be con- 
trolled with MPC-type controllers, the state of the system must 
be known or at least well estimated. However, note that the 
standing assumption throughout the article is that the dynamic 
equations describing the system are unknown. That is, we only 
assume knowledge of the systems input-output behavior while 
the internal dynamics are completely unknown. First-order, 
exothermic chemical reactions in CSTRs have been extensively 

Pc(k+ 1) Calculation 
studied in the literature, most notably by Uppal et al. (1974). 
The dynamic equations can be written in dimensionless form Pc(k)d‘(k)J,  T ( k ) P c ( k )  +6. 

(56) X ( k )  + $ T(k)pc (k ) lL(k )  as: 
P,(k+ l ) = P c ( k ) -  
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Figure 1. Steadystate output vs. steadystate input for 
CSTR example. 

X I =  -xl+D,(l-xl) exp - (1 +L) 
x2= -x2+BD,(1-x,) exp (l;*,(o) - + P  (P-xJ (57) 

Y=xl  

where xi and x, are the dimensionless reactant concentration 
and temperature, respectively. The input, u, is the cooling 
jacket temperature, the physical parameters are D,, (o, B and 
0 which correspond to the Damkohler number, the dimen- 
sionless activation energy, heat of reaction and heat-transfer 
coefficients, respectively. The system in Eq. 57 exhibits nu- 
merous forms of behavior depending on the values of the 
physical parameters and the regions of operation. If we choose 
the following parameters: 

D,=0.072, (p=20.0, B=8.0, 0 ~ 0 . 3  (58 )  

then the system can exhibit up to three steady states one of 
which is unstable, as shown in Figure 1. The major challenge 
ahead is to control the reactor around the unstable region while 
assuming that the dynamic equations are unknown. To achieve 
this we begin with the identification step. 

Identification 
The input-output data needed to identify the polynomial 

ARMA model was generated by submitting the system to an 
input generated by the following rules: 

1. At the end of a sampling time, the input changes values 
with probability ps. The user can control the frequency of 
change of the input by adjusting this parameter. 

2. If the input is to be changed, the new value is to be 
obtained from an uniform distribution with a prespecified 
upper and lower bound. This way the user can control the 
magnitudes of the signals to be applied. 

This input signal was selected over the more traditional 

pseudo-random binary signal (PRBS) for two reasons. First, 
PRBS signals excite the system using only two input magni- 
tudes, which is insufficient in nonlinear identification. Fur- 
thermore, the input sequence generated following the above 
rules has a symmetric distribution. This is important for several 
input-dependent analysis available in the literature for the iden- 
tification of nonlinear systems. For simulation purposes, the 
output obtained from the system sampled every 0.5 dimen- 
sionless time units was corrupted by adding a white noise signal 
with zero mean and a standard deviation of 0.02. The input 
was generated using ps = 0.5 and the lower and upper bounds 
on the input magnitude were selected as - 2 and 2. Also, the 
inputs were scaled by mapping the input range of ( -  4, 4) to 
(0, 1). That is, define a new scaled input as: 

u ( k )  + 4  u,(k)  =- 
8 

This was done in an effort to maintain the inputs, outputs and 
the regressor terms in Eq. 4 in the same order of magnitude. 
The output and input data are shown on Figure 2. An important 
concern is that the input signal used forces the system from 
one stable region to another. This is important from an iden- 
tification point of view so that the data reflects as much of 
the system’s dynamics as possible. However, such operation 
may not be allowed at an industrial site. Research is underway 
to reduce the requirements on the input-output data. 

The structure used to model this system is that of a poly- 
nomial ARMA model followed by a sigmoid function as shown 
in Eq. 6. This is to illustrate that the ideas presented in this 
article for polynomial models also apply for this type of model. 
Furthermore, since the output of the system is physically 
bounded in [0,1] the model in Eq. 6 seems to be a more natural 
choice. The particular structure of the model was determined 
by using a stepwise model building algorithm as discussed, for 
example by Kortmann and Unbehauen (1990). The transfor- 
mation in Eq. 8 was used for this purpose. The following 
structure was determined: 

~ ( k +  l)=u(pnlv(k),  ..., ~ ( k - 3 ) ~  u , ( k ) ,  ..., u,(k-3)1) 

p,(. , .) = e,, + e I Y ( k )  + e,Y ( k -  3) + e,us(k- 1) uS(k-  3) 

+ e d  (k - 1) uS(k - 3) + &us ( k  - 2) 

+ e,r ( k -  3)~:  ( k  - 3) 

+e7~ , (k -3 )+es~(k )u , (k -  1) uS(k)  +e,us(k) (59) 

To finalize the model construction, the parameters of the sys- 
tem were calculated using the RPEM method discussed. The 
parameters of the RPEM were chosen as follows: PC(0) = 0.51, 
h(0) = 0.95, 6 = 0.05 and: 

L(0) = [0.8 0 * * 9 0Ir 

The parameters of the model were given by: 
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Figure 2. Input-output data for identification of reaction 

system in CSTR. 

The output predicted from the model is also shown in Figure 
2. 

Analysis 
We have described as our major challenge the control of the 

nonlinear reaction around an unstable equilibrium point. Be- 
cause of this, let us investigate how well the polynomial ARMA 
model predicts the desired equilibrium point and if it can pre- 
dict that it is in fact unstable. We select our desired output to 
be a first-order trajectory beginning at a value of y* = 0.144 
and finishing at the unstable equilibrium point when the input 
is zero: (y* = 0.445, u* = 0). 

To calculate the equilibrium point predicted by the poly- 
nomialARMAmode1, s e ty (k+ l )  = y(k) = ... =y(k-n , )  
= y* and u ( k )  = u(k-1) = - . -  = u(k-nu) = U* in Eq. 
59. Now set u* = 0.0 (u:=0.5) and solve for the value of y* 
that satisfies Eq. 59 given the above restriction. From this 
calculation, we find that the equilibrium point predicted by 
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model. 

the polynomial ARMA model is @* = 0.443, u* = 0.0) which 
does not deviate too much from the actual point. The equi- 
librium curve of the identified model is shown along that of 
the system in Figure 3. 

The stability of the system as predicted from the polynomial 
ARMA model can be determined by calculating the eigenvalues 
of the Jacobian of the state transition matrix evaluated at the 
equilibrium point. For the model's equilibrium point of 
(y* =0.443, u* =O.O), the eigenvalues of the Jacobian were 
given by: 1.13, -0.227 and 0.229 f 0.279. Since at least one 
of the eigenvalues is outside the unit circle, the model correctly 
predicts that the system is unstable at the equilibrium point 
under consideration. 

The invertibility of the model could also be investigated using 
theorem 2 to determine the feasibility of using the inverse model 
for control. Performing these calculations, we find that the 
spectral radius of the closed loop system is 1.38, thus the inverse 
system is unstable. It is important to note that the continuous 
system does not have an unstable inverse, the fact that the 
polynomial model has an unstable inverse may be due to sam- 
pling or simply plant-model mismatch. Nevertheless, these cal- 
culations demonstrate that the inverse model controller would 
be unstable and thus we would be wise to relax the inverse in 
some fashion. 

Control 
The control algorithm to be used in this section is the model- 

predictive controller displayed earlier. Our main focus will be 
the comparison of the performance obtained by assuming the 
different disturbance models presented earlier. The simulations 
here presented will use the same controller: a model-predictive 
controller with a prediction horizon (P) of 7, a control move 
horizon ( M )  of 1, an output weight of 1 (for all times into the 
future) and an input weight of 0.2 (also for all times). The 
main difference in the simulations to be presented is the dis- 
turbance model assumed. 

We begin our simulation studies assuming that the disturb- 
ance can be captured by a type 1 disturbance. The simulation 
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Figure 4. Control using type 1 disturbance assumption. 

goal was to take the system from a stable equilibrium point 
(x,  = 0.144, x, = 0.886, u = 0.0) to an unstable one: (x, = 0.445, 
x, = 2.75, u = 0.0). First, the output was measured free of noise 
so that the issue of predicting the disturbance does not get 
confused with the proper filtering of the relevant signals. As 
can be seen from Figure 4, the system could not be controlled 
and becomes unstable. A similar result occurs when a type 2 
disturbance model is assumed and thus the results are not 
shown. 

Given that the linear disturbance assumptions yielded un- 
stable behavior, we turn our attention to nonlinear disturbance 
models given by Eq. 39 to describe the plant-model mismatch 
more accurately. The goal of the simulation was the same as 
the one for linear disturbance assumptions. The result of the 
simulation is shown in Figure 5 .  Note that this time the con- 
troller is able to stabilize the closed-loop system. 
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Figure 5. Control using nonlinear disturbance model as- 
sumptions: no measurement noise. 
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Figure 6. Control using nonlinear disturbance model as. 
sumption: measurement noise and process 
disturbance. 

The reason for the improved performance is that the state 
of the nonlinear realization is estimated when using the non- 
linear disturbance models. Note that with linear disturbance 
models the original state of the system is not estimated; the 
estimator is only used to obtain the bias between the plant and 
the model. So, recalling the comments of Sistu and Bequette 
(1991): when controlling unstable systems using MPC, it is 
crucial that the state of the process is well estimated. Even 
though the true state of the process is not estimated (the state 
of the system of Eq. 57), the realization of the input-output 
map is able to capture the internal dynamics of the system. 
That is, for this system it is enough to observe the external 
information to have a clear picture of the internal dynamics. 
This is, in fact, the concept of nonlinear observability as pre- 
sented by Leontaritis and Billings (1985). 

The final simulation displays the disturbance rejection and 
noise filtering properties of the algorithm. This time the goal 
is, again, to bring the system from the mentioned stable equi- 
librium point to the unstable one. This time, however, the 
heat-transfer coefficient is assumed to undergo a pulse: it de- 
creases by 10% at time = 40 and it regains its original value 
at time = 50. This should occur at a time where the controller 
has already brought the system into the unstable region. Fur- 
thermore, the output measurements were assumed to be cor- 
rupted by a white noise signal with variance equal to 0.03 of 
the average magnitude of the output. The RPEM parameters 
were the same used on the identification section. The results 
are shown on Figure 6. Note that the controller is able to 
stabilize the system in the presence of noise and reject dis- 
turbances. The performance, however, is notably worse than 
with the noise free measurements which indicates the sensitivity 
of the closed-loop system around the unstable region. 

Conclusions 
The objective of this article was to develop a methodology 

for the control of nonlinear systems using input-output in- 
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formation. To achieve this goal we used polynomial ARMA 
models for the identification of the nonlinear systems dynam- 
ics. The next step in the procedure is to analyze the identified 
model in order t.0 gather control-relevant information such as 
stability of the open-loop system and stability of the inverse 
model controller. During the analysis step we learned about 
connections between the invertibility question and the feedback 
linearization of discrete time systems. Furthermore, we gained 
insight on the problems caused by inverse control and on ways 
to relax this controller to improve robustness. One such way 
to relax the inverse controller is through model-predictive con- 
trol. This controller was developed and we concentrated on 
implementation issues such as the estimation of the effect of 
disturbance on future predictions, the selection of the estimator 
gains and the model parameters. Finally, examples were sim- 
ulated that displayed the theory. 
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Notation 
B = dimensionless heat of reaction in CSTR example 

g” = vector selected by the user in the feedback linearization 
of discrete time systems 

C, = matrix describing the output of the linear disturbance 
models 

D, = Damkohler number of CSTR example 

G = matrix for modeling process noise in disturbance models 

J = Jacobian of state equations with respect to complete 
state 

J’ = Jacobian of inverse system with respect to complete state 
Ju = Jacobian of inverse system with respect to input substate 
J y  = Jacobian of state equations with respect to output sub- 

state 
k = counter denoting “sampling” or “discretization” time 
L = gains of disturbance model estimators 
d: = Lipschitz constant 
M = control horizon of model-predictive controller 
n, = maximum delay in the input considered in an input/ 

output model 
ny = maximum delay in the output considered in an input/ 

output model 
P = prediction horizon of model-predictive controller 

pn  = polynomial function of its arguments of order n 
P, = steady-state covariance of the state for optimal esti- 

F( ., .) = state transition operator for nonlinear system 

h( .)  = output read-out map for nonlinear system 

mators 
q = shift operator: x ( k +  l)=q.x(k) 

r* = desired plant output 
R ,  = covariance of process noise 
Rz = covariance of measurement noise 

u = system’s input 
u , ~  = scaled system input 
v = state of the system’s inverse 
2 = state of a dynamical system 
6“ = output part of the state 
X~ = input part of the state 

y .  j ,  j = system’s output, measured and estimated system output 
y“ = transformed output variable in Eq. 8 

z = 2 transform variable 

Greek letters 
6 = dimensionless heat-transfer coefficient in CSTR ex- 

y = weights on error in the output 
ample 

7 = derivative of state with respect to model parameters 
(RPEM) 

X = forgetting factor in RPEM algorithm 
A, = weight on change in input at time k + j -  1 of model- 

predictive controller 
Y = measurement noise signal 

ad = matrix describing dynamics of linear disturbance model 
9 = dimensionless activation energy of reaction in CSTR 

0 = model parameters 
J. = derivative of estimated output with respect to model 

p = spectral radius operator 
Q = delay of an input/output map 
s = signal-to-noise ratio 

w = process noise signal 

example 

parameters (RPEM) 

= disturbance state of disturbance model assumptions 
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